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Abstract. This work establishes two regularity criteria for the 3D incompressible MHD equations. The 
first one is in terms of the derivative of the velocity field in one-direction while the second one requires 
suitable boundedness of the derivative of the pressure in one-direction. 



1. Introduction 

This paper is concerned with the global regularity of solutions to the 3D incompressible magneto- 
hydrodynamical (MHD) equations 

u t + u • Vtt = v Au - Vp + b • Vi>, x G R 3 , t > 0, (1.1) 

b t + u ■ V6 = 7] Ab + b ■ Vu, x e R 3 , t > 0, (1.2) 

V-u = 0, ieR 3 , t>0, (1.3) 

V-6 = 0, xeR 3 ,(>0, (1.4) 

where u is the fluid velocity, b the magnetic field, p the pressure, v the viscosity and r\ the magnetic 
diffusivity. Without loss of generality, we set v = r\ = 1 in the rest of the paper. The MHD equations 
govern the dynamics of the velocity and magnetic fields in electrically conducting fluids such as plas- 
mas. (1.1) reflects the conservation of momentum, (1.2) is the induction equation and (1.3) specifies the 
conservation of mass. Besides their physical applications, the MHD equations are also mathematically 
significant. Fundamental mathematical issues such as the global regularity of their solutions have gener- 
ated extensive research and many interesting results have been obtained (see, e.g., [2], [7], [11], [13], [16], [17], 
[18], [19], [23], [26], [27], [28], [34], [35], [36], [38], [39], [40], [43], [45], [47], [48], [49], [50], [51], [52], [55]). 

Attention here is focused on the global regularity of solutions to the initial-value problem (IVP) of 
(1.1), (1.2), (1.3) and (1.4) with a given initial data 

u(x,0) = u (x), b(x,0) = b (x), x € R 3 . (1.5) 

It is currently unknown whether solutions of this IVP can develop finite time singularities even if (mo, bo) 
is sufficiently smooth. This work presents new regularity criteria under which the regularity of the so- 
lution is preserved for all time. The global regularity issue has been thoroughly investigated for the 
3D Navier-Stokes equations and many important regularity criteria have been established (see, e.g., 
[3], [4], [5], [6], [8], [9], [10], [12], [14], [15], [20], [21], [25] ,[29] ,[30], [31], [32], [37], [41], [42], [44], [46], [53], [54]). Some of 
these criteria can be extended to the 3D MHD equations by making assumptions on both u and b (see, 
e.g., [7], [47]). Realizing the dominant role played by the velocity field in the regularity issue, He and Xin 
was able to derive criteria in terms of the velocity field u alone ([27], [28]). They showed that, if u satisfies 

r T 3 2 

/ \\Vu(;t)\\idt < oo with - + - = 2 and 1< 8 < 2, (1.6) 

Jo a (3 

then the solution (u,b) is regular on [0, T]. This assumption was weakened in [51] with L"-norm replaced 
by norms in Besov spaces and further improved by Chen, Miao and Zhang in [17]. As pointed out in [27], 
the regularity criteria in terms of the velocity field alone are consistent with the numerical simulations in 
[40] and with the observations of space and laboratory plasmas in [24] . 
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This paper presents two new regularity criteria. The first one assumes 

3 2 

u z (-,t)\f a dt < oo with a>3 and - + - < 1 (1.7) 



" T 3 2 

/o a P 

and the second requires the pressure satisfy 



I 



o 



\\ Pz (T)\\ f i dr <oo with a>^- and - + \ < -. (1.8) 

7 a p 4 

That is, any solution (u, 6) of the 3D MHD equations is regular if the derivative of u in one direction, 
say along the z-axis, is bounded in L /3 ([0, T]; i") with (a, (3) satisfying (1.7) or if the derivative of p in 
one direction satisfies (1.8). The proof of the first criterion is accomplished through two stages with the 
first controlling the time integrals of || Vu z ||2 and ||V& Z || in terms of the £^([0, T]; L Q )-norm of u z and the 
second bounding ||Vu||2 and ||V6||2 by the time integrals of ||Vu z ||2 and ||V& Z ||. The details are presented 
in the second section. The criterion in terms of p z and its proof are provided in the third section. 

We will use the following elementary inequalities: 

Hh<cu x \\l Uy\\i \\<j> z \\i (i.9) 

where the parameters /j,, X and 7 satisfy 

1 2 3A 
1 < n, X < 00, 1 < — h - < 4 and 7 : 



t* A" 2 _ A (i_l)' 
and 

H\\r < C(r) \\<f> x \\?? U y \\^ \\<j> z \\^, 2 < r < 6. (1.10) 

These inequalities may be found in [1],[22],[33]. For the convenience of the readers, the proofs of these 
inequalities arc provided in Appendix A. Throughout the rest of this paper the L p -norm of a function / is 
denoted by ||/|| p , the £P-norm by and the norm in the Sobolev space W s ' p by ||/||w s .p- 



2. Criterion in terms of u z 
This section establishes the regularity criteria in terms of u z . 

Theorem 2.1. Assume (u 0} b ) G H 3 , V • u n = and V • b = 0. Let (u, b) be the corresponding solution 
of the 3D MHD equations (1.1), (1.2), (1.3) and (1.4). If u satisfies 

f T 3 2 

M{T)= IK(-,*)||f! dt < 00 with a>3 and - + -<1 (2.1) 
Jo up 

for some T > 0, then (u, b) can be extended to the time interval [0, T + e) for some e > 0. 

The proof of this theorem is divided into two major parts. The first part establishes bounds for ||u z ||2, 
1 1 b z || 2 and the time integrals of ||Vu z ||| and ||V& Z ||| while the second controls ||Vu||2 and ||V6||2 in terms 
of the time integrals of ||Vu z ||| and ||V6 Z |||. 

2.1. Bounds for ||u z ||2 and ||6 Z ||2- This subsection bounds ||u z ||2 and ||6 Z ||2 in terms of M in (2.1). 

Proposition 2.2. Assume (uo,&o) S H 3 , V-uq = andV-bo = 0. Let (u,b) be the corresponding solution 
of the 3D MHD equations (1.1), (1.2), (1.3) and (1.4). Suppose (2.1) holds. Then, for any t < T, 

K(f)ll2 + IIM*)ll2 < C edl^lli+H^lli) e M ^ 



MOM + WUOm) 2 - 3 + C (\\uoU + \\boU + M(t)) (2.2) 



and 



f (l|V« z (r)||| + ||V6 z (r)||l) dr < F(M(t)) < 00, (2.3) 
Jo 

where F{M{t)) is an explicit function of M(t). 
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Proof. It is easy to see that (u, b) satisfies 

IK*)ll2 + + 2 A||Vu(r)||^ + \\Vb(r)\\ 2 2 )dr < \\u \\ 2 2 + \\b \\l (2.4) 

Jo 

Adding the inner products of u z with d z of (1.1) and of b z with d z of (1.2), we obtain, after integration by 
parts, 

1 d(\\u z g + \\b z \\l) 



2 dt 



+ \\vu z r 2 + \\vb z \\ z 2 



= - J [{u z ■ Vu) ■ u z - (b z ■ Vb) ■ u z + (u z ■ Vb) ■ b z - (b z ■ Vu) • b z ] dxdydz 

= h+h + h + h- 
To bound I\, we integrate by parts and apply Holder's inequality to obtain 



\h\ = 



I 



(u z ■ Vu z ) ■ u 



< C||Vu*|| 2 \\u z \\ r ||u|| 3 a, 



where we have omitted dxdydz in the integral for notational convenience and r satisfies 

Applying the Sobolcv inequality 
and bounding ||u||3 a by (1.9), we find 
By Young's inequality 



2<^<6, 1 + 1 = 1- (2-5) 



\u z \\ r < C \\u z \\l 3( * \\V Uz \\fi *> 



\h\ < c WVuzWl^-^ IKU^"^ ||V«|||. 



\h\ < \\\yu z \\ 2 2 + C\\u z f 2 \\u z \\l \\Vu\\ 2 2 " 



with 



3-9(|-i) 3(1 -i; 



When a > 3, we have 2q < 2 and another application of Young's inequality implies 

|/i|< \\\Vu z \\l + c\\ Uz \\ 2 2 (Kll2 + liv«||l), 

where 

q 2 3 2 

7 = = g- or - + - = 1. 

l-q 1 - ± a 7 

We now bound I 2 . By Holder's, Sobolev's and Young's inequalities, 

\h\ < C\\Vb\\ 2 \\u z \\ a \\b z \\^_ 2 

< CHV&HaKllallMa"- 

1 2a 2a 2a-6 

< i l|V6 z ||^ + C||V6||r- 3 ||««||^- 8 \\b z \\?- 3 

1 2a-6 

-1- ii , n O ^ / ■■ , ii O u~, \ n, uTTT o 

4 

where 



< 7 \\vb z \\l + c (IIV6HI + KII2:) \\b z \\i^ 



2a 3 2 

7 = or - + - = 1. 

a — 3 a 7 



(2.6) 



I3 can be bounded exactly as I 2 . To bound J4, we integrate by parts and apply Holder's inequality, 
h = ~ J l(b z ■ Vu) -b z ] = J [(b z ■ Vb z ) ■ u] < ||VM|2 \\b z \\ r \\u\\sa, 
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where £ + ^ = |. Following the steps as in the bound of Ji, we have 

|/ 4 |< J||V6 z ||i + c(K||2; + ||v«||l) ||6,||I. 

Combining the estimates for Ji, ^2, -^3 and £4, we find 



d{\\u z \\l + \\b z \\l) 

h || Vu z \\ 2 + \\Vb z \\ 2 



2a~6 



dt 

< C {\\u z \\Z + (\\u z \\ 2 + \\b z \\ 2 ) + C (||V6||| + ||« z ||2) ||MII^ (2.7) 

(2.2) and (2.3) then follows from (2.4), (2.7) and Gronwall's inequality. □ 

2.2. Bounds for ||Vu||2 and ||V6||2- This subsection establishes bounds for ||Vm|| 2 and ||V6||2- 

Proposition 2.3. Assume (uo,&o) € H 3 , V-mq = and V -&o = 0. Le£ (u, 6) &e the corresponding solution 
of the 3D MED equations (1.1), (1.2), (1.3) and (1.4). Suppose (2.1) holds. Then, for any t < T, 

\\Vu(t)\\ 2 + ||V6(t)||| + A||A«(r)||i + \\Ab(r)\\ 2 ) dr < G(M(t)) < 00, 
Jo 

where G(M(t)) denotes an explicit function of M(t). 

Proof. Adding the inner products of (1.1) with Am and of (1.2) with Ab and integrating by parts, we have 

^(l|V«||l + ||V6||l) + ||A«||2 + ||A6||| (2.8) 
= - J u ■ Vu • Am + J b ■ Vb ■ Au - J u ■ Vb ■ Ab + J b ■ Vu • Ab. (2.9) 
By further integrating by parts, we obtain 

- J u • Vu • Am + J b-Vb- Au- J u • V6 • Ab + J b ■ Vu • A6 < || Vu||jj + 3||Vm|| 3 ||V6||§. 
By (1.10), 

||V«||i<C (||Vm||| ||V h V«||J ||Vm z |||) 3 , 
where = (d x ,d y ). By Young's inequality, 



||V«||i < J||V/,Vu||| + C \\Vu\\l \\Vu z \\ 2 < |||V fc V«||l + C (\\Vu\\ 2 + \\Vu z \\ 2 ) \\Wu\\ 2 . 



Similarly, 



Therefore, 
d 



||Vm|| 3 ||V6||§ < J||V,Vm||1 + \\\V h Vb\\ 2 +C(\\Wu\\l + ||Vm z ||| + ||V6,|||) ||V6|||. 



f t (\\Vu\\ 2 2 + \\Vb\\j) + \\Au\\t + \\Ab\\l < C (\\Vu\\ 2 + \\Vu z \\l + \\Vb z g) (\\Wu\\ 2 + \\Vb\\ 2 ). 
Gronwall's inequality coupled with Proposition 2.2 then yields the desired bounds. □ 
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3. Criterion in terms of p z 

This section presents the regularity criterion with an assumption on p z . 

Theorem 3.1. Assume the initial data (uo,bo) 6 H 1 n L 4 , V • u = and V • b = 0. Let (u,b) be the 
corresponding solution of the 3D MHD equations (1.1), (1.2), (1.3) and (1-4)- If the pressure p associated 
with the solution satisfies 

J \\Pz(t)\\%, dr < co with a>y and 1 + 1 <1 (3.1) 

for some T > 0, then (u, b) remains regular on [0, T], namely (u, b) £ C([0, T]; H 1 (~1 L 4 ). 

Since higher-order Sobolev norms of (u,b) can be controlled by its iJ 1 -norm (see e.g. [45]), a special 
consequence of this theorem is that (3.1) yields the global regularity of classical solutions. To prove this 
theorem, we establish the L 4 -bound of (u, b) and the desired regularity then follows from the standard 
Scrrin type criteria on the 3D MHD equations [48]. 

Proposition 3.2. Assume the initial data (u 0} b ) 6 H 1 CI L 4 , V • u = and V • b = 0. Let (u,b) be 
the corresponding solution of the 3D MHD equations (1.1), (1.2), (1.3) and (1-4). If the pressure p satisfies 
(3.1), then (u,b) obeys the bound 

Ih + ll4 + ll™-||4 + t (\Mw+\ 2 \\i + \\V\w-\ 2 \\i) dr 
Jo 

+ 4 J J (\w+\ 2 \Vw+\ 2 + \w-\ 2 |VuT | 2 ) dxdydzdr < oo 

for any t <T, where 

= u±b. 

Proof of Proposition 3.2. We first convert the MHD equations into a symmetric form. Adding and sub- 
tracting (1.1) and (1.2), we find that w + and w~ satisfy 

d t w + + w~ ■ Vw + = Aw + - Vp, (3.2) 

d t w~ + w + ■ Vw" = Aw" — Vp, (3.3) 

V-uT=0. (3.4) 

Adding the inner products of (3.2) with w + \w + \ 2 and of (3.3) with w~ \w~\ 2 and integrating by parts, we 
find 



+ " 4 - -"!) + n (l|V| W + | 2 || 2 + ||V| W -| 2 || 2 ) + / (\w+\ 2 \Vw+\ 2 + \w-\ 2 \Vw~ 



= Ji + .h, (3.5) 

where 



Ji = J pw + -V\w + \ 2 , J 2 = j pw -V\w | 2 . 



By Holder's inequality, 
We choose A such that 



+ |2| 



Ji <C\\p\\ 4 \\w + \\ 4 \Mw 



1 2 _ 7 3A 

a + \~4 01 2-A(l-i) ~ 



It then follows from (1.9) that 

N 4 <c|b,||i ||vp|||. 

To further bound ||Vp||a, we take the divergence of (3.2) to obtain 

Ap = -V • (w~ ■ X7w + ). 

By Holder's inequality, 

||Vp||A<C||«r|| « ||v w +|| 2 . 
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Furthermore, by Sobolev 's inequality, 



u«rii ^ = iih-i 2 nL < c iik-ml" 5 iiv| W -| 2 nr* = c \\w-\\r* iiv^-mf-*, 

2 — A Q_\ 



where we have used the fact that < a and thus A < ^. Therefore, 



|4<C||p,||2 l|Vw; + ||| \\w~\\l 1 ||v| w -| 2 ||| 1 



and thus 

Ji < C \\p z U \\Vw+\\l \\w-\\j-i ||V| W -| 2 ||r* \\w+\\ 4 \\V\w+\%. 
By Young's inequality, 

Ji < Jl|Vk + | 2 ||^ + i||V| w -| 2 || 2 

4A 8A 4(12-7A) 4A 

+ C\\ Pz \\^- x} ||V W + || 2 3(4_A) ll^ll 4 3( " A) \\w + \\t X - 
Further applications of Young's inequality imply 



Ib.lll^ l|v w +|| 2 ^ A) < \\P*U 2 - 7X + \\vw+\\i 

4(12-7A) 4A 2(12-7A) 



2 M 2 7A 1 ) 

Since 3( 2 _a) < 4, we obtain without loss of generality that 

1 „_, 4_.0„0 1 MV _ 



Ji < ^l|V| W +| 2 || 2 + ^||V| W -' 2 " 2 



Similarly, we have 



+ C (||P,||/- 7A +||V^ + || 2 ) (\\w+\\j+\\ W -\\$). (3.6) 
= J p w~ ■ V\w~ | 2 



< ^liv| w + | 2 || 2 + i||v| w -| 2 || 2 



+ c (\\ Pz \\«- 7X +l|V«r||!) (lk + ||l + lk-||l). (3.7) 

Inserting (3.6) and (3.7) in (3.5) and applying Gronwall's inequality, we obtain the desired result. □ 
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Appendix A. 

This appendix provides the proofs of the inequalities (1.9) and (1.10). For the convenience of future 
references, we write these inequalities as lemmas. 

Lemma A.l. Let /x, A and 7 be three parameters that satisfy 

12 , 3A 

1 < H, X < 00, 1 < h-r<4 and 7 = r-. 

M A 2-AM-ij 
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Assume (f> G i? 1 (R 3 ) ; <p x , <f) y G L X (R 3 ) and <f> z G L^R 3 ). Then, there exists a constant C = C(fi,X) such 
that 



Uh<cu x \\l u v \\l u z \\l 

Especially, when A = 2, there exists a constant C = C(fi) such that 

M3^<c||<M! II<M! Il^lli 

which holds for any cf) G _ff 1 (R 3 ) and 4> z G L M (R 3 ) with 1 < \i < oo. 
Proof. Clearly, 

\<Kx,y,z)\ 1+ V-i» < C f X \<l,(t,y,z)\^-^\d t <l>(t,y,z)\dt, 
\4>(x,y,z)\ 1+ ^-^ < C [ V \<f>(x,t,z)\^-^\d t <f>(x,t,z)\dt, 



(A.l) 
(A.2) 



\4>{x,y,z)\ 1+ ^--^ < C f l^y^-^ldt^y^ldt. 

J — oo 



(A.3) 
(A.4) 
(A.5) 



Therefore, 

i#w)r < c 



/oo -i 5 r roc 

\^x,y,z)\^—^\d x ^x,y,z)\dx / \4>{x, y, z)\^- ^\d y <f>(x, y, z)\ dy 
-co J lV — oo 

1 

/CO 
\<f>(x,y,z)\^-^\d z 4>{x,y,z)\dz 
-oo 



Integrating with respect to x and applying Holder's inequality, we have 

\<t>{x, y, z)| 7 dx < 



CO /'OO 



\(l>(x,y, z)\ {1 ~^ h \dx(j)(x,y, z)\ dx 

\4>{x, y, z^-i^ldy^x, y, z)\ dxdy 
\4>{x, y, z)| (1 ~m)t|9 z( /,(x, y, z)\ dxdz 



-oo J — oo 

OO fOO 



oo J — oo 



Further integration with respect to y and z yields 

/ \4>{x, y, z)| 7 dxdydz < 

iR3 



/ |<Mz,y,z)| (1 >- h \d x <j)(x,y,z)\ dxdyd 

JR 3 

/ |<Ha;,y,20| (1 "^ )7 |dy<Hx,y,20| t^dydz 
|<H^ V, z)| (1_ ^ )7 |9 z 0(a;, j/, z)| dxdydz 



If Holder's inequality is applied again, we have 



W?<cw 7 

which leads to (A.l). 



a VI I A 



~ : ~ T ll;) > I " T ll^ll^ 1 ^ 2 



1) 2 

WIlA IIVII7 " 2 II"- 1 /' - 



□ 



Lemma A.2. Let 2 < q < 6 and assume <j> G i? 1 (R 3 ). T/ien, t/iere ermte a constant C = C(g) smc/i iftai 



6 — q q — 2 q— 2 q — 2 

IIP 



l| 9 <C||0|| 2 2 ' \\d X ^ \\dy^ 



zV\\2 



(A.6) 
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Proof. This inequality can be obtained by interpolating the trivial inequality ||0|| 2 < \\(f>\\2 and (A. 2) with 
[i = 2, namely 

We< C||0 X ||| II^HJ ll^llf. 

□ 
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